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1. I~TR00Ucrr0N 
The chaotic behaviour of certain processes can be explained by the 
presence of homoclinic orbits (see, for example, [ 11) in the system that 
governs the evolution of the process. In this way, it seems interesting to 
study the persistence of such orbits under small perturbations. 
Given the following non-linear equation 
x’ = F(x), XE R3 (1) 
with x = B as a hyperbolic fix point and a degenerated node-saddle type 
homoclinic orbit r, we discuss the behaviour, in a neighbourhood R of I-, of 
the solutions of the equation resulting from introducing, in (l), a small non- 
autonomous perturbation that is periodic with respect to I and depends on 
two parameters: 
x = F(x) + G(1, p, I, x) (2) 
being 
where V is a neighbourhood of the origin, and G satisfies the following con- 
ditions: 
1. G is of class C* and T-periodic in the variable t. 
2. G(O,O, 1,x)=0. 
For a better geometric understanding of the further results. the solutions 
can be thought of as trajectories of the amplified autonomous system, so that 
the trajectory passing by a point ((x, ,jjU. I,,), r,) E fx Fi will be given 
395 
0022-247X/85 $3.00 
.toY:,o~ * 7 Copyr& S lYt3J b) Academic Prcsr. Inr: 
All rights of reproduction an any form reserved. 
396 CosTAL AND H~O~UGUEZ 
by (p,(t - 1, + a).p,(t - r,, + a), p3(f - t,, + a), f  - I,), where p(a) = 
hl~ Yo 3 z”).p(t) being a parametrization of IY Obviously, the system 
x’ = F(x), XE P3 
8’ = I 
(3) 
has a hyperbolic solution. This implies that for q > 0, 3 6(q) > 0 such that if 
[[(A,~)11 < 6 then the system 
x’ = F(x) + G(L p, t, x) 
81 = i (4) 
has a hyperbolic solution (g(t, A,p), t) q-close to the solution (0, I) in (3). 
For this solution, there will be then two invariant manifolds: one stable 
y,(A, cl) and the other unstable y&p). On sectioning those manifolds with 
the plane t = I,, it is observed that the configurations y:“(& ,u) and ~~(A,~), 
very useful to understanding the evolution of the system, are repeated with 
the same period T as that of perturbation G. The sets rf” and ;I? are, respec- 
tively, the stable and unstable manifolds for the diffeomorphism defined by 
the flow of the system from t = t, to t = t, + T. 
If y$‘n y’, has any other point different from g(t,,), then it will have 
infinitely many points and the transversality of the intersection of the 
invariant manifolds observed for t = l,, will also be found for f # t,, which 
would explain the chaotic behaviour of the system. Because of that we will 
show the existence of a solution ~(t, A,,u) # g(t, A,p) verifying that 
lim ,.. f x II v/Q, A, P) - g(t, A p)ll = 0, equivalent to y:O f-7 710 Z { g&J I. 
Holmes and Marsden 111 using Melnikov function (2 J provide a sufficient 
condition for the existence of transversal homoclinic points in the system 
that results from applying a small perturbation depending on one parameter 
to an infinite-dimensional hamiltonian system with a homoclinic orbit on a 
two-dimensional manifold. In 13 1 equation x” + q(x) = - I, x’ + L,f(f) is 
studied in the general context of the bifurcation theory and it is shown that if 
the unperturbed equation has a homoclinic orbit, then there must be a region 
in the space of the parameter where, for any (L, ,n,) within such region, 
there will be a homoclinic orbit for the perturbed equation. The case of a 
system in P’ under an autonomous perturbation is dealt with in (41, where it 
is shown the existence of a curve in the space of the parameters along which 
there are homoclinic connections. 
In this paper it is proved, under certain generic conditions, the existence of 
two bifurcation curves to homoclinic orbits for a system in rG3 (not 
necessarily hamiltonian) under a non-autonomous perturbation which is T- 
periodic and depends on two parameters. Those curves divide the space of 
the parameters in two regions S, N, such that there are homoclinic orbits in 
A BIFURCATION PROBLEM TO HOMOCLINIC ORBITS 397 
S whereas there are not any in N. Geometrically, it is understood that in 
region S, the stable and unstable manifolds corresponding to the associated 
diffeomorphism show transversal intersection, whereas on the bifurcation 
curves such manifolds are tangent. 
Finally, we apply the obtained results to an example and consider a 
particular case where, within region S, there is a change in the type of 
homoclinic orbits: node-saddle for 1 < 0 and focus saddle if 1 > 0. 
2. CHARACTERIZATION OF THE INVARIANT MANIFOLDS 
Taking into account the previous notations, if the change in the variable 
x(r) =p(7 + a) t z(5 t a), s+a=t, a E [0,7-J 
is carried out in Eq. (2), the following equation is obtained 
(5) 
where 
W, c1, t, z, a) = W(l) t z(t)) - Q(t)) - DF(p(l)) z(t) 
t G(1, P, t - a,p(t) t z(r). (6) 
If d(t) is a fundamental matrix associated with the linear equation 
z’ = DF(p(r)) z(l), then the solutions of (5) are the same as those of the 
integral equation 
z(t) = 4(t) z(O) t 4(t) (' 4 - '(s) b(L P, s, Z(S), a) ds. 
0 
If the columns of the matrix are denoted by!(t), 9(t), r(r), then it follows 
z(t) = c,.f(t) t/(r)( [det g(s)] -' [q(s) h(s)] &4,uu, s, z(s), a) ds 
0 
+ c2 9(t) t 9(t)jt: [det 4(s)] - ’ [r(s) nf(s)l b(i, P, s, z(s), a> ds (7) 
+ c,W + r(r)j’ Ider#(s)l-’ Ifls)~9(s)] W,P, s, z(s), a)ds. 
0 
We can choosef(t) = F(p(t)) and r(t) = R(p(t)), where R(x) will be a field 
of vectors defined in a neighbourhood of I- and such that along r, R and F 
commute and are independent. 
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In order to discuss the existence of bounded solutions for the integral 
equation (7) we give some results whose proof can be seen in [ 4 1 and for the 
sake of an easy exposition. state the following. 
DEFINITION. A function f: F; + :; 3 is called exponentially bounded on 
the right (left) iff: 
34, p E I’ ; such that !lf(r)ll < Me” vt>o 
p4,p E T! such that llf(r)ll < Me”’ v ! < 0). 
The set of all p-exponentially bounded functions on the right (left) is denoted 
by E; (E,). 
If i-p, -p, V) are the eigenvalues of DF(8) that are assumed to satisfy 
range [DF(O) + pl] = 1, we have the following 
LEMMA. (a) f(f) E E-p, r-,-‘)nEl:(I1;, r+ 
(b) If Ihe field R is tangent to the stable manifold U,(8) in (I ), then 
r(t) E E-p. 7!3). 
(c) If q(t) is a solution of z’(f) = DF(p(r)) z(f) unbounded for 
I > 0 (t < 0) then q(t) E E,: (F, 12’) (q(t) E E:,(C;, ‘;“)). 
(d) The operator defined as in (6) 
z E B(Fc. I;,‘) + b&p, I, z, a) E B(IK, I’; ‘) 
is continuously differentiable and 
Db(i.,p, f, 0, a) h = DC&p, t,p, a) h 
being B(I;, I:;‘) the Banach space of the bounded functions endowed with the 
supremum norm. 
As a consequence of the previous lemma it can be proved. 
PROPOSITION. Each one of [he operators 
H,: B(R, I:; ‘) + B(P, It?‘) 
z-f (I)(’ [det g(s)] -’ [q(s)Ar(s)] b&p, z(s), a)ds 
0 
H,: B(‘l’, F,-‘)+ B(li;, P’) 
z + r(t) 
I 
’ [det~(s)]-‘(f(s)nq(s)]b(ll,~,s,z(s),a)ds 
‘L 
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is well defined and is continuously dlflerentiable. Moreover, if it is verified 
that 
I a, ldet~(s)l-‘lr(s)/if(s)lb(~,~,s,z(s),a)ds=O -zf 
then if z E B(‘Q, 72”) also 
q(f) j’ ldet q+(s)]-’ [r(s)Af(s)] b&p, s, z(s), a) ds E B(F. 5)‘). 
- IA 
In Section 1, it has been shown the existence of a periodic curve g(t, A,,u) 
for i, ,u sufficiently small, whose invariant manifolds y&A, p) and y,(A,p) 
exist by virtue of its hyperbolic character. These manifolds will be defined by 
the z(t) bounded for t + +co, t -+ -co, respectively. Taking into account the 
above proposition, the unstable manifold is given by the z(t) solution of the 
integral equation: 
z(t) = c,f(t) +/(r) j’ [det d(s)] -’ [q(s) Ar(s)] b(l, p, s, z(s), a) ds 
0 
+ 40) I 
’ [det~(s)]-‘[r(s)/If(s)lb(~,~.s,z(s),a)ds 
-. ‘J. 
’ t r(f) 
I 
[det 4(s)] -’ If(s>Ms)] b(hp, s, z(s). a) ds. 
- a3 
In the same way, the stable manifold will be defined by the solutions of 
~0) = c,At) + c3 4) +f(r)(’ Pet $6) I - ’ Ids) MS) 14L p , s, z(s), a) ds 
0 
’ + r(t) 
I 
[det O(s)] - ’ [f(s) Aq(s)] b(l, p, s, z(s), a) ds 
0 
tq(r)(i [det~(s)J-‘[r(s)/if(s)lb(~,~u,s,z(s),a)ds 
--3^ 
which satisfy 
I J, [detO(s)l-‘Ir(s)~f(s)lb(~,~,s,z(s),a)ds=O -Co (8) 
Consequently, the solutions belonging to both manifolds are those z(t) 
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such that they verify the last equality and, at the same time, are a solution of 
the integral equation 
’ + r(t) I [deteQ)l. ‘[f(s)/iq(s)Ib(i,~,s,z(s),a)ds 5 
+ q(l)!’ [det #(s)]-- ’ [r(s)Af(s)] ~(A,P~ s, z(s), a) ds (9) 
-a 
where constant c remains univocally determined if we choose z(0) on the 
orthogonal plane to!(O). This constant is given by 
c = 4(O) -f(O) 
I 
O 
Ilf(W 5 
ldet O(s)] - ’ Ir(s) /?f(s)l b(i., P, s, Z(S), a) ds. 
We have proved the following. 
THEOREM 1. Taking into account the preceding notations, x(t - u) = 
p(r) + z(t) is a solution of equation x’ = F(x) + G(I, ,u, t, x), verifying 
lim IIx(r - a) - g(t, A, p!)II = 0 
1-*x 
if and only if z(t) satisfies Eqs. (8) and (9). 
3. BIFURCATION TO HOMOCLINIC ORBITS 
Theorem 1 provides a necessary and sufftcient condition for the existence 
of homoclinic orbits. 
We denote by convenience 
k(s) = ldet 96) I ’ 10) /?f(s) I 
and define the projection 
F%(s) = A - ’ k(s)‘i”, k(s) b(s) ds 
where A = I?, k(s) k(s)’ ds, and k(s)’ is the transpose of k(s). 
From the previously obtained results it is quite clear that equation 
z’ = DF(p(t)) . z + m(l) will have a bounded solution if and only if 
Pm(r) = 0 and if such condition is satisfied, then there will be a unique 
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solution z(t) with the initial condition z(0) in the orthogonal plane tof(0). If 
this solution is denoted by Km, the problem of determining the homoclinic 
orbits can be reduced to the resolution of the equations 
z - K(Z - P) b(/i, ,a, . . z. a) = 0 (10) 
!%(A. p, . . Z$ a) = 0. (11) 
Note that the operator K: (I - P)B(‘;,, l:?3)+ B(ll?, 1,‘) is linear and con- 
tinuous. 
Our next aim will be to find out what values ofA and p allow one to show 
that Eq. (10) and (11) have a solution. In this way, let us consider the 
function 
H: ‘:i x 1; x B(lF, CT~) x il: + B 4, Fi”) x ,I) 
(l,r,z,a)+(z-K(z-P)b:i.p . ., z, a), pb@, pu, ., z, a)) 
where FQA,p, ., z, a) = jaX k(s) b&p, s. z(s), a) ds. 
If 
(= k(s)D,G@,p,s-a&)), .u-,ds#O 
J-CC 
the implicit function theorem applied to H allows to prove the existence of a 
function 
where VA , V,,, V, are neighbourhood of I = 0, p= 0, z = 0, respectively. 
The last function is of class C’ and satisfies F(0, a)( . ) = 0, ~(0, a) = 0 
and 
p,(o 
9 
a) =- .iCn3(: 4s) . D,G(O, 0, s - a,&)) ds 
.f3cz k(s) . D, G(O, 0, s - a, p(s)) ds 
(13) 
thus for each a fixed, there is a curve p=&,, a) in the space of the 
parameters (n,~), such that, for any (A, p) along the curve, there will be a 
homoclinic orbit x(t) =p(t - a) + z(t - a) for the perturbed equation (2) 
where z(r) is implicitly defined by 
z - K(Z - P) b(l, p(A, a), ., z, a) = 0. 
We have thus proved the following fundamental 
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FIGURE 1 
THEOREM 2. Let us consider the equation x’ = F(x) + G(k,p, t, x) 
verifying the hypotheses required in Section 1 and condition (12). If h(a) 
given by h(a) =p’(O, a) (see (13)) has a minimum a, and a maximum a, 
(their existence is obvious because h is continuous and T-periodic) such that 
W4 < 4,) and h”(a,) > 0, h”(a,) < 0 (‘4) 
then in a neighbourhood of the origin of the (A,,u)-plane there are two bifur- 
cation curves C,, C, (passing through the origin) to homociinic orbits. Those 
curves divide the neighbourhood in two regions S and N, such that, for each 
(A, p) in S, the perturbed system will have homoclinic orbits, whereas for 
each (A, ,u) in N it will not have any. In addition, the tangets to C, and C, in 
the origin are given by p = h(a,) 1 and ,u = h(a,) A. respectioely. 
4. EXAMPLE 
Let us consider the system of differential equations 
x’ = 22 
y’ = - 2y 
2’=2x-3x2 
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that shows a homoclinic orbit given by 
x(t) = 4e*‘( 1 t e”). * 
p(t): Y(f) = 0 
z(f) = 4e*‘( 1 - e”)( I + e”)- ‘. 
(15) 
We can choose as a field R which commutes with F along p(f) 
R(x, J: z) = (0, (x + z)(x - z) - ‘. O)T. 
The functions J(t), r(t) will be given by f(t) = (22(f), 0, 2x(f) - 3x*(f))’ 
being x(f), z(f) defined in (15), r(f) = (0, em-*‘, O)7. 
Denote the perturbed system by 
x’ = 22 + G,(tLp, f, x,4’. z) 
~“=-2~,+G,(~,~u,r,x,y,z) 
z’ = 2x - 3x2 + i(z + sent) + pxz + G,(A, ,u, f, x, y, z) 
(16) 
where G, is arbitrary, G,, G, vanish when y = 0 and Gi (i = 1, 2, 3) verify 
the conditions required in Theorem 2. 
Condition (12) becomes 
.-x 
J 
22’(s) x(s) ds # 0 
-zc 
x, z given by (15) and since the integrand is positive, condition (12) is 
obvious. 
If we write 
J “‘- 22*(f) df = c,, 1= 2z2(f)x(t) df = cl, -FL 7 
the function h(a) is given by 
h(a) =- (c, + u(a)) . c;’ 
being 
1 
cc 
u(a) = 8e*‘( 1 - e”) . (1 + e*‘)-’ sen(f - a) dt 
- Ii 
and since u(a) does not vanish identically and satisfies t”’ + t‘ = 0, it follows 
that h(a) = c + a sena + b cos a where a and b do not vanish simultaneously 
and thus h verifies (14). 
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If we take to (16) 
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G,(i., p, t. x. y, z) = - AZ/~ 
G,(A, ,u, I, x, y, z) = &I 
it can be proved that within region S, if 1 < 0, there will be node-saddle 
homoclinic orbits, whereas if I > 0 the homoclinic orbits will be focus-saddle 
type. 
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